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The acoustic scattering problem is controlled by some kind of Helmholtz equation.
In this paper we consider an effective numerical method to the Helmholtz equation in
unbounded inhomogeneous domain. The details of our work are as follows:
First by introducing an artificial boundary the unbounded domain is decomposed
into an interior bounded domain and an exterior unbounded domain. In order to be
able to use the Hankel function expansion to deal with the exterior unbounded problem,
we choose a circle which includes the inhomogeneous domain as the artificial boundary.
By this way, the problem is transformed into coupling a boundary value problem in the
interior domain and a boundary value problem in the exterior domain. We propose a
spectral element method to approximate the interior problem and the Hankel function
expansion to solve the exterior problem. The interior and exterior solutions are
required to be continuous across the interface. Secondly, we carry out a convergence
analysis of our method and give an optimal error estimate for the numerical solu-
tion. Finally, some numerical examples are used to confirm the efficiency of this method.























为cD = cD(x)，在非均匀介质外部的传播速度为c，我们用n(x) = c
2/c2D(x)来描述介质
的非均匀性。在非均匀介质以外的区域：即满足|x| ≥ a > 0的区域，有n(x) = 1；并且
对所有的x ∈ R2，都有n(x) > 0。用k = ω/c表示波数，其中ω表示声音的频率。ui是入
射场，它满足R2上的 Helmholtz方程，∆ui + k2ui = 0, x ∈ R2，我们通常取入射场为
平面波ui(x) = exp (ikd · x)，这里d是一个给定的单位向量，它确定了入射波的方向。
图1.1形象地给出了该物理模型。我们的问题是，找到总场u(x) ∈ C2(R2) 满足方程：
∆u+ k2nu = 0, in R2, (1-1)
总场u是入射波ui和散射场us之和：

























入射场 iu  























u(x) = ui(x)− k2
∫∫
B

































































和外部解耦合起来。为了达到这个目的，我们引入人工边界ΓR = {x ∈ R2 : |x| = R}，





入射场 iu  







































































(u, u); |u|0 :=
√
〈u, u〉.
• 对实数s > 0，Hs(ΩR)，Hs(ΓR)表示索伯列夫空间：


































• W(R2 \ ΩR)是满足散射条件的函数组成的空间(它包含散射场函数us)，定义为：
W(R2 \ ΩR) =
{
u ∈ H1(R2 \ ΩR) :
∂u
∂r

















2nusi = 0, in ΩR,
∆use + k
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